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1. Introduction 



String theory, being a theory of quantum gravity, has intimate relations with the sym- 
metries including diffeomorphisms, both in space-time (target space in the sigma model 
formulation) and the worldsheet. In the conventional string backgrounds, which look ap- 
proximately as sigma models on small curvature spaces, the general covariance is achieved 
using the metric in the target space, which describes propagating gravity degrees of free- 
dom, and the metric on the worldsheet, which is fully dynamical in the non-critical back- 
grounds [1]. 

String backgrounds often have interesting limits where most of the string fluctuations 
decouple, yet the extended nature of the string is still visible. One such degeneration is the 
so-called Seiberg-Witten [2] limit, which is used to expose the noncommutative geometry 
of the open string field theory in the field theory limit. Another degeneration is the infinite 
radius limit of the sigma model with Kahler target space (this condition can be somewhat 
relaxed), where the 5-field is adjusted so as to keep the holomorphic maps unsuppressed 
(this is essentially the t ^ oo limit of [3] , see also the recent work [4] ) . In all such cases 
the limiting sigma model is best described using the first order formalism, which is also 
useful in the analysis of T-dualitics [5] [6]. 

The degeneration which we shall discuss in this paper occurs for the sigma models 
with complex targets. The resulting simplified model (more precisely, its chiral part) is 
the so-called curved beta-gamma system: 



where 7* are the dimension zero fields describing the map of the two dimensional Riemann 
surface E to the target space X , and Pi are the sections of the pull-back of the holomorphic 
cotangent bundle 7J to X , tensored with (1, 0)-forms on E. Naively the theory defined by 
the Lagrangian (1.1) is the free field theory, which is also conformally invariant. 

However, this statement requires some elaboration, since we should not forget about 
the global properties of the system (1.1). The coordinate transformations relating different 
coordinate systems on X may act non-trivially on the operator content of the theory (1.1) 
and moreover there are actually obstructions for gluing the free field theories (1.1) over all 
of X. Also, the definition of the path integral measure in the theory (1.1) is subtle, and 
it turns out that the conformal invariance may be broken unless the target space X has 
certain topological properties. 




(1.1) 
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In this paper we shall quickly remind the physicists these obstructions, which show up 
as anomalies in the worldsheet and target space difFeomorphism invariance of the theory 
(1.1). We should stress that mathematicians have worked out these anomalies in [7] (the 
target space coordinate invariance in the curved beta-gamma systems was also studied in 
[8] at the same time, yet the context was slightly different). We had some difficulties in 
translating these papers so we rederive the results which we need from scratch. Note also 
that the recent paper [9] contains many explanations on the physics of [7] and also relates 
it to the phyisics of (0, 2)-models. 

Our main goal is to verify that the particularly interesting system (1.1) where X is 
the space of pure spinors in ten dimensions, is free from these potential anomalies. It turns 
out that the result depends on the subtle issue on how one resolves the singularities of the 
naive space of pure spinors. 

In Berkovits approach [10], [11] to the covariant quantization of the superstring the 
first-order system (1.1) is coupled to the first order fermionic system and the second-order 
bosonic system describing the physical space-time. In some applications it is convenient to 
think of the model as the (1.1) system with superspace as the target space. In particular, 
the main ingredient of Berkovits approach is the nilpotent Q-operator, which, in part, can 
be attributed to the existence of holomorphic symmetries of that superspace. We plan 
to elaborate on these features in a future work, aiming to clarify the definition of string 
amplitudes in Berkovits formalism [12], [13]. Note that the particular super-target space, 
namely IITX, which is free from all anomalies, leads to the well-studied type A topological 
strings. Their chiral version corresponds to the so-called chiral de Rham complex, intro- 
duced and studied in [14] and recently applied to mirror symmetry in [15]. An interesting 
superspace X x HTX for particular X was proposed recently by Berkovits [16]. 

The paper is organized as follows. The section 2 discusses general systems (1.1) We 
show that the first Pontryagin class pi{X) of the target X is the obstruction for the global 
definition of the fields fii and 7* of the model. We also show that the first Chern class 
ci{X) of X is the obstruction to the global definition of the holomorphic stress-energy 
tensor T^z in the model (1.1). We also analyze in some detail the case where X is the 
total space of a bundle over some base 5, with one-dimensional fibers. We show that 
if the fiber is C* then the Pontryagin and Chern anomalies can be cancelled if the first 
Pontryagin class pi {B) of the base factorizes as the product of two Chern classes of some 
line bundles. This is somewhat analogous to the mechanism of the anomaly cancellation 
for the S'0(32) and £^8 x -E'8 heterotic strings [17] [18]. The section 3 is devoted to pure 
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spinors. We remind their definition and the role they play in Berkovits formalism. We also 
discuss the geometry and topology of the space Q of projective pure spinors and that of 
various cones over it. We compute the first Chern and Pontyagin classes of Q and find that 
they are non- vanishing!, and show that pi is actually proportional to c\. It follows that 
by taking the appropriate C*-bundle over Q the anomalies are cancelled. Even though the 
result sounds almost trivial, it took us some time to get through various obstacles, so we 
hope the reader will find some details of our calculations useful. The section 4 contains 
discussion and conclusions. 



t That pi{Q) 7^ was stressed by E. Prenkel and E. Witten 
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2. General remarks 



2.1. The /3-7 system as an infinite radius limit 

Two dimensional sigma models describe maps of a Riemann surface S into some target 
space X. The usual approach to the sigma model works under the assumption that X is 
Riemannian manifold as well, and the action of the sigma model is given by the Dirichlet 
functional: 



In addition, one can also couple the sigma model to the antisymmetric tensor on X, the so- 
called 5- field, as well as to other geometric data, such as a functions T{X) (the tachyon), 
the dilaton (Weyl compensator) $(X) etc. 



The Lagrangian (2.1) is conformally invariant. Quantum theory defined with the help of 
(2.1) ceases to be conformally invariant, unless the metric G^;^ obeys certain equations. 
In the limit of the large volume, the condition on the target space metric to lead to the 
conformally invariant two dimensional sigma model with the Lagrangian (2.1) is essen- 
tially the Ricci-flatness. In the presence of the other couplings (2.2) these conditions get 
modifications. In what follows we shall be mainly interested in the S-field and $ (dilaton) 
couplings in (2.2) in addition to the basic Lagrangian (2.1). 

Now let us assume that X is a complex manifold, and that the metric is hermitian. In 
local complex coordinates x*,^ on X it has only the components G^^. We can now rewrite 
the theory (2.1) using the first order formalism: 




(2.1) 




(2.2) 




B 



B^B + G.^dx' A dx' 



(2.3) 




" The results of this chapter were developed with the help of A. Losev and E. Prenkel, and will 
be elaborated upon in [19]. 
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The last line, the dilaton shift, can be understood using the technique of [20]. We can 
develop a large volume expansion by expanding in the correlation functions of the 
theory defined by (2.3), while keeping other couplings, like B fixed (one can in particular 
get another view on the Ricci-flatness equations following from the conformal invariance, 
by doing the conformal perturbation theory around the system (1.1), of. [4]). Ignoring 
for the moment these other couplings the limit is the sigma model which looks like a 
holomorphic square of the curved, or non-linear, beta-gamma system, i.e. the theory with 
the action 

^/37 = ^ / (2.4) 

where the fields of the beta-gamma system are related to the fields of the sigma model 
(2.2) via: 

Pi=Pi, Y = x'- (2.5) 

The identification (2.5) depends on the choice of the coordinate system on the target space 
X. 

When we work locally on X, the system (2.4) is a simple free field theory, the basic 
operator product being: 

^\z)Pj{w) ^ (2.6) 

Out of (2.6) one can construct various local operators, by taking the differential polynomials 
in f3j and 7* and normal ordering. The normal ordering depends on the choice of the local 
coordinate z on the worldsheet. In what follows we denote hy d = dzdz the holomorphic 
worldsheet exterior derivative, by d the antiholomorphic one, and by d the exterior target 
space holomorphic differential. 

2.2. Useful operator product expansions 

As a preparation, let us discuss the following dimension one operators: 

Jv = PiV\^){z) = Lim P,{z + e)V^{^{z)) + -^d^V^i^iz)) 
CB = Bii^iz))df 

where B e $7^, V e Tu. Note that the definition of the current Jy depends on the choice 
of local coordinate z, more precisely on the differential dz. Two choices of dz would lead 
to two operators Jy and Jy which differ by an operator of the form Cb for some B. The 
definition of Cs does not depend on the choice of z. 
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Note also, that the definition of the current Jy is not covariant with respect to the 
target space coordinate changes. We shall make this statement more precise later, right 
now only note that the subtraction term jdiV^ is not invariant under the coordinate 
changes, if transform as the components of the vector field on X. The closest geometric 
object to the divergence diV^ is the divergence defined using some holomorphic top form: 

^CvO. ~ diV' + V'di\oguj{-i) (2.8) 

where 

l] = a;(7)d7^ A...Ad7'^ (2.9) 

is the (meromorphic) holomorphic top form on X. We shall see later that (2.8) indeed 
shows up in the proper definitions of the currents corresponding to the target space vector 
fields V. 

It is straightforward to calculate: 

1 Sab(2; + e) + Sab(^) J[V^,Vb]{^) C'nab(^) 



2 e2 



(2.10) 



e 

where 



Sab = trVaVb, Oab = |tr (VadVb - VbdVa) 
Va = ||9iVi|| 

2.3. Courant bracket 



(2.11) 



Let ^; = y + ^ be a section of the Tx © bundle. This is the object of study of the 
generalized complex structure [21] [22] (although in our context everything is holomorphic, 
so we are talking here about the generalized hypercomplex structure), and the generalized 
Dirac structures [23]. We can canonically associate a dimension one operator to v: 

O^^Jv + Q (2.12) 

From (2.10) we calculate ior w = W + ij: 

0^iz + e)OUz) 9Mi^ + e)+9{vM{z) _ OjlvM^ + ^^.^ ^^.13) 

where 

[[v, w]] = [V, W] + Cvv - Cwi - {ivv - iwO (2.14) 



is the so-called Courant [24] bracket, 



2g{v,w) = T,vw + i^vV + i^w^ (2.15) 

is the (quantum corrected) metric on Tx © ^x- Because of the Tivw correction, and also 
because of the term with Qyw in (2.13) the operator product expansion of the operators 
Oy, does not have an obvious geometric interpretation, since these corrections do not 
transform covariantly under the coordinate changes. However, this is in accordance with 
the non-trivial nature of the /5-fields, which do not transform naively. Let us note that if 
instead of the operator product expansion we were only interested in the Poisson brackets 
of and viewed as the functionals on the loop space LX then we would get the 
Courant bracket and the canonical metric on 73^: © . This is a holomorphic analogue of 
the observation in [25]. 

We now turn to the exact determination of the transformation properties of the /?- 
fields. 



2.4. The target space coordinate transformations 

We wish to understand the transformation properties of the local operators under the 
coordinate transformations 7 i— > 7. Later on we shall use this information in trying to 
define the /? — 7 system globally on the manifold X, which has several coordinate charts. 

2.4.1. Classical theory 

Let (7*) and (7"), i, a = 1, . . . , d be the two sets of local coordinates on some domain 
U <Z X. These coordinates are related by the local holomorphic diffeomorphism : / : 7 1— > 
7. How should we transform the fields /3i's? Classically, j3i transforms as the (l,0)-form 
onX, i.e. (3^j3^f*(3: 

Pa = PiQiil) (2.16) 

where 

giii) = kd^/d^r'Y = d^'/dYii) (2.17) 

J a 

The inverse Jacobian matrix g in (2.17) will play several important roles in what follows. 
For some purposes it is convenient to view ^ as a collection of vector fields ga on U: 

9a=9i^.=:^ = da (2.18) 
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It is also convenient to introduce the one-forms 

(2.19) 

Note that 

[9a,9b]^0, dr = (2.20) 

2.4.2. Quantum corrections 

The formula (2.16) does not quite make sense quantum mechanically, because of the 
short distance singularity between /3j and ^r* in (2.16). As in (2.7) we point-split and 
subtract the divergent term: 

to get a well-defined operator. However, this operator may not be the correct one. It is 
clear that we should look for the dimension one operators of the form: 

= P^9a + ^az^^ (2.21) 

where the normal ordering is understood. Indeed, it is the form (2.21) which guarantees 
the correct operator product expansion of (3 and 7. 

Note that the matrices Qa = WdiglW-, similar to the matrices Va introduced in (2.11), 
obey the following Maurer-Cartan equations: 

Cg^^gt] = [gb,Ga] (2.22) 

which can also be presented as: 

Sa = g-^Cg^g (2.23) 

We need to find the one-forms Ba in (2.21). They cannot be set to zero, in general, 
since we want to have no singularities in the operator product expansion of 13a with /3b. 
By calculating the operator product of the fields (2.21) and setting the singular parts to 
zero we get conditions on unknowns. Indeed, the absence of the double pole is an 
equation, symmetric in a, 6 , while the absence of the first order pole is the antisymmetric 
one. However, as we shall now see, there is a freedom in choosing BaS. This freedom is 
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related to the fact that the /?7-system has moduh. Globally, there are also obstructions 
for choosing Ba- This is related to the target space diffeomorphisms anomaly. 
Using (2.7) we calculate the operator product expansions: 

+ e)A{w) ~ - ^ (2.24) 

where the symmetric tensor S and the antisymmetric one-form valued tensor A are given 
by: 

= digidjgi + g\Bu + glBai 

Aab = —^ab + t-ga^^b — t-gt^Ba + ^dfiab 
fJ'ab — l-ga^b — I'g^Ba 



(2.25) 



where 



We can write: 



where 



Setting Sab = we get 



^ab = |tr {Qadgb - QbdOa) (2.26) 

Ba=l {(Jab - l^ab) (2-27) 

(Jab = O-ba = t^ga^b + t^g^Ba (2.28) 

(Tab = -^ab = -digidjgl (2.29) 



It remains to determine fiab = —f^ba- Since fiab is antisymmetric in a, b we can define the 
following two-form: 

fi = fiabdY^l' (2.30) 

which contains all the information about the tensor fXab- Let us contract Aab with the 
vector gc and set the result to zero. We get the equation: 

^g^lJ'ab + '^hcha'^Bb - 2ig^ig^dBa = tr {QaCg^Qb - Qb^g.Sa) (2.31) 

which using (2.22) can be transformed to: 

^gcl^ba + ^gal^cb + ^gblJ-ac — tr [Qa^^g^Qb — Gb^g^Ga) — ^ga(Jbc + ^gb(Jac 

= tr {Ga^gi^Gb] + Gb^g^^Gc] + Gc^g^^Gb]) (2-32) 
= tr^a[^6,^c] • 
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From the equation (2.32) we see that the matrix fXab is not determined uniquely. Indeed, 
we can shift: 

fiab^ fJ'ab + ^gafb- ^gja (2.33) 

which is equivalent to 

Ba^Ba-^igM, f^fadT (2-34) 
This undeterminancy is related to the naive symmetry of the action (2.4): 

P^^P^ + {^^fJ-^jf,)^-f^ (2.35) 

Note that the equation (2.32) simplifies in the 7-coordinates: 

dyu = -tr {dgg-'f = tr {g-^dgf (2.36) 

The freedom (2.35) in 7-coordinates reads as: fj, 1— > 11 + df, where / is viewed as (1, 0)-form 
on U. In some special cases the formula (2.36) was already noted in [26]. 

2.4.3. Coordinate transformations and Wess-Zumino term 

To summarize, the coordinate transformation 7 1— > 7 is accompanied by the transfor- 
mation: 



Pa = Piglii) - 


i [W^gl] 






- (7) 




dfj, = tr (^f' 







The formulae like (2.37) can be found in [7]. Let us note another useful formula: 

Pa = Pi9i + ^tr {GagOg-^) + 
Qa^\\d,gl\\ 

We can phrase (2.37) (2.38) in a more invariant way: 

= ^/^^7 + ^wzw {g) 

where L^zw{g) is the usual (level one) Wess-Zumino-Novikov-Witten Lagrangian: 

1 — 1 3 

Kzw{g) = —tr{g-^dgg-^dg) + j^d'Hr {g~^dg) 

The deeper meaning of (2.39) and its generalizations involving the dependence 
complex structure on the worldsheet will be discussed in [19]. 



(2.37) 
(2.38) 

(2.39) 

(2.40) 
on the 
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2.4.4. Target space symmetry cmrents 

Suppose V = V'^{'y)di is a holomorphic vector field on X. In classical geometry 
it generates an infinitesimal symmetry of the manifold X, the symmetry of its complex 
structure. Let us see whether this symmetry is preserved in quantum theory. In order for 
this to be the case we should be able to construct a holomorphic current, which would 
generate the quantum counterpart of the classical symmetry. Naively, this current should 
be given by: 

naive 

Jv = PiV'ii) (2.41) 

where we again use the normal ordering implicitly. However most likely the definition 
(2.41) will not be compatible with the coordinate transformations on X. So, we should 
allow for the correction term Cb, for some B: 

Jv = PiV\^) + B,{^)d^' (2.42) 

where -Bjd7* is a locally defined one-form on U C X, which is clearly a linear functional 
of V. Its behaviour B ^ B under the coordinate transformations 7 i— > 7 can be recovered 
from (2.37): 



(2.43) 



S„(7)d7« - S,(7)d7^ = I [ivf^ - 2 (d^^-'); d^V^ + V\t {g-'d^gg-'dg)) 

= \ [iv^ - tr (Vd^^-i) + tr (Vdfiffi^-^)) , 

where we have introduced matrices, already familiar from (2.11) : 

V = \\diV'\\, V = ||a«V''||, (2.44) 

where V"' =giV^, g = g^^. The matrices V, V behave as connections in the V direction: 

V = g-'Vg-g-^jCv9 . (2.45) 

2.4.5. Stress-energy tensor 

Now let us discuss the transformation properties of the stress-energy tensor. In the 
local coordinate patch U where our theory is represented by the free fields Pi and 7* we have 
the standard definition of the stress-energy tensor, following from the naive Lagrangian 
(2.4): 

naive / fJ \ 

T = i3.dY = Unii(3i{z + e)dYiz) + -^] (2.46) 
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where d = dimc-^- Now let us see what happens when we perform the target space 
coordinate transformation 7 i— > 7 (cf . [26] [7] ) . 

f = MY = Lim (Pa{z + e)dY{z) + 4 



= T - ^gtd'gl - {dgl)dgt + Ba.T^d^^d^^ (2.47) 
= T-\dhog detlKII 

So we see that in order for the stress-energy tensors to be coordinate independent, the 
coordinate transformation 7 t— > 7 should better preserve (perhaps up to a constant mul- 
tuple) a holomorphic volume form. Indeed, the determinant det||(7*|| is the ratio of the 
holomorphic volume forms on the coordinate patches 7 and 7. 

The anomalous term in the transformation law for the naive stress-energy tensor means 
that the theory actually depends on the choice of the target space coordinates, unless some 
coupling to the worldsheet metric curvature 

^ J R^^hog ^(7) (2.48) 

is added. The modification (2.48) of the action (2.4) modifies the stress-energy tensor to: 

T = Pid^' - ia^log a;(7) (2.49) 

where ^(7) comes from the holomorphic top degree form on X . In order for (2.49) to be 
regular, the argument of the logarithm should not vanish, so the holomorphic top degree 
form Q must be non-vanishing and regular on U. 

2.5. The coordinate transformations on the worldsheet 

A priori, the definitions of the stress-energy tensor, and the currents Jy depend on 
the choice of the local coordinates z on the worldsheet. For example, T, defined by (2.46) 
transforms as a projective connection under the holomorphic reparameterizations of the z 
coordinate: 

z^z (2.50) 
T^f=^-^(T-^{z;z}] (2.51) 



where 
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The formula (2.51) holds for any [27] two dimensional conformal field theory with central 
charge c = 2d. Technically, the shift in (2.51) comes from the expansion of 

d d{dzzf 



{z{z + e) - z{z)y 



(2.53) 



However, the expression (2.51) with the Schwarzian derivative (2.52) does not take seem 
into account the shift (2.49). It would lead to the strange- looking formula 

f-'^^ + |^a,loga;(7) 

which is inconsistent with (2.51). The truth is that the modification (2.49) of the stress- 
energy tensor implies that /3i's are no longer primary fields. They transform under the 
worldsheet coordinate changes as: 



f3i^ f3i= f3i- \d (log d^z) diXog ^(7) 

„ 1 d"^ z (2-54) 



thus making the formula (2.51) true indeed. 

Similarly, the currents J = Jy are transforming with the cocycle: 

j^j = j- iQ-^Cyfi d {logd^z) 

^1/1 \ (2.55) 

J-= ^ [j. - i^a, (a;(7)F^(7)) ^.log d.zj 

where if we didn't take into account the anomalous transformation (2.54) we would have 
gotten diV^ instead of the covariant divergence 

n-'Cv^ = -^di (a;(7)^^(7)) (2-56) 

Note that the volume (= 0)-preserving vector fields V correspond to the currents Jy which 
are the primary fields. This is of course in agreement with the |ci(X)ci(E) nature of the 
anomaly [9] we are discussing. 

2.6. Global theory 

We now may pose the problem of formulating the /?-7 system on X globally. We know 
already that we need to use a holomorphic top form Q e H^'^{X, C) = H^{X, Kx)- 
In order to do this we may wish to have the following conditions satisfied: 
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1. For each coordinate patch Ua with the coordinates 7[q,] = (7*) we have a copy of the 
standard system (2.4) with particular curvature couphng: 

L[a] = ^J PrdY + \R^'hog a;(7) (2.57) 



where 



= a;(7)d7^ A . . . A d7'^ (2.58) 

2. On the overlaps Uap = UaC^Up, where the coordinates 7[q,] = (7*) and 7[^] = (7^*) are 
related by the local biholomorphism f^js : 7[q] 7[/3], the fields of two systems (2.57) 
corresponding to Ua and Up are related by the field redefinition (2.37) 

3. The stress-energy tensors of two systems Lq, and transform one into another under 
(2.37) 

4. The glueings over Uaps are correctly defined, in the sense that on every triple overlap 
Uafi-y — UanUp nU^ the composition of three transformations L[q,] —>■ Lj^j —>■ L[^] —>■ 
L[q,] is the identity. 

We shall see in the next subsections that one may encounter anomalies, which obstruct 
the existence of the solution, obeying the conditions 2, 3 and 4. If the anomalies are absent, 
then there may be several solutions to the condition 2, they have to do with the moduli 
of the /3-7 sigma model. Finally, if the manifold X has symmetries, we may also want to 
have the following property: 

5. The complex Lie group G, acting on X, generated by the vector fields Va, A = 
1. . . . , dimG, to be represented by the currents J a = <Jvaj which form the affine Lie 
algebra g at some level k — kx, which depends on X (if the group G is not simple, 
there may be several levels). 

There exist certain obstacles in getting this wish granted as well. We shall not ex- 
plore this issue in full generality, some aspects of this problem were already discussed in 
[28], [29], [7], [26]. In particular, in the case of C*-bundles over the homogeneous spaces 
G/H the refs. [28], [29] contain the full solution of this problem, see also [30]. We make 
several comments in the case where G acts on X freely, and discuss some other examples. 
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2.6.1. i^ech notions 

A word on notations. As before, d denotes the holomorphic exterior derivative on X. 
It sends (p, q) forms to {p + l,q) forms. In this section we shall be also dealing with &ch 
cochains, cocycles and coboundaries (see chapter of [31] for systematic introduction, [32] 
for the introduction for physicists, and [9] for the introduction for physicists in the context, 
maximally close to ours), (hch g-cochain a valued in some sheaf of abelian groups on 
X is the assignment of a section B.aoai...aq of ^ restricted to 

Uaoai...aq = H . . . H Uq,^ , 

SO that 

3-aoai...aq ^ ^{Uaoai...aqi ^) 

We assume that B.aoai...aq is totally antisymmetric in the indices ckq, cki, . . . , aq. 

For example, in what follows will be often a sheaf of holomorphic vector fields 73s: 
on X or a sheaf of closed holomorphic two- forms Z]^. There are very few such objects 
defined globally on X, if any. However, if we only require them to be well-defined on small 
domains, such as C/q, Uap etc. then they become abundant. 

The space of all such locally defined sections of JF is denoted by C'^{X, JF). 

&ch differential 6 maps g-cochains to g + 1-cochains, 

S: C«^C«+i 

i^^)aoai...agag+i ~ ^(~-'-) ^ao---ai-iQ;i+i---o;q+i , (2.59) 

and obeys = 0. Thus we can define the cohomology groups, 

H'i{X,J^) = keTS\c^/iuiS\c.-i . 

2.6.2. Glueing across the patches 

We now proceed with the investigation of the conditions 2, 4 on our list. On the 
intersection Uap = Ua^Up we have two coordinate systems: 7[q,] = (7*) and 7^^] = (7°")- 
Correspondingly we have a map: 

9al3 '■ Uaf3 — *■ GLa{C), QajS = 



(2.60) 
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Note, 

gap = gpl ■ (2.61) 

The intersections Uf^p don't have the comphcated topology, so that the three form 
tr (gfSadgafs) is exact: 

tr (gfSadga/s)^ = dfiap (2.62) 

The corresponding two-form iia/s £ ^u^p enters the relation between the fields P^"'^ = (/J^) 
assigned to Ua and the fields P^^^ — (Pa), assigned to Uf^: 

P^^^ = P^'^^gaP + |tr {GocpgapOgpo) + \id f^aP (2.63) 

where 

d = = d^da, Gap = WdiigapYaW ■ 

The equation (2.62) does not determine jjap uniquely. We must decide on how to choose 
the representative modulo exact two-forms. First of all, we may want to insist on the 
condition 

/^/3a = -A*a/3 (2.64) 

More precisely, if fap '■ U U, U fa Uap ~ Uj3a is the map which sends 7[q,] to ^[p], 
fap°fpa = id, then fif^a = —fapf^oiP- what follows we ignore these notational subtleties, 
by utilizing the coordinate-independent expressions. 

2.6.3. Moduli of the model 

The relations (2. 62), (2. 64) still allow transformations of the form: 

IJ'ap ^ l^ap + K- bp (2.65) 

where ba is the closed holomorphic (2, 0)-form, regular on Ua, while 6^ is the closed (2, 0)- 
form, regular on Up. 

Such a shift can be undone by the similarity transformation on the fields P^°'\^[a], 
generated by: 

exp^/«,,ay (2.66) 
and the similarity transformation of the fields P^^\'y[p] generated by 



e^p^ff3,adT, (2.67) 
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where = dfa,bf3 = dfp locally (cf. [9]). However, (2.65) does not exhaust all the 
freedom in solving (2.62). The most general thing that can happen is the shift 

^ fJ'ap + bap, dbafS = (2.68) 

where b^p is a closed two-form, regular on Ucep- The space of such forms, obeying the 
condition: 

ba/3 + b/s-y + b^oc = 0, on UaP'y = Uar\U/3r\U^ (2.69) 

which follows from certain anomaly cancellation condition, to be discussed in the com- 
ing subsection, modulo the forms of the form (2.65) is the first &ch cohomology group 
with coefficients in the sheaf of closed holomorphic two- forms, H^{X, Z\). Together with 
the space H^{X,Tx) of classical complex structure deformations these parameterize the 
infinitesimal deformations of the /?-7 sigma model: 



Deformations = H^{X, Tx Zx) 



(2.70) 



Note that this space is very similar to the space of deformations of the generalized (hyper) 
complex structure, since the sheaf Z]^ is essentially the quotient Q]^/dOx- 

2.6.4. Obstructions 

Not every choice of jiafi obeying (2.62) (2.64) leads to the consistent theory. Indeed, 
we have to make sure that given the fields (3^(^^ defined using the glueing across the 
patches Uap directly, or via the third coordinate chart U^, coincide. 
Let us introduce the notations: 

7[a] = (y), 7[/3] = (7"), 7[7] = (7^) 

= (A), = 0a), = 0a) 
i,a,A = l,...,d 

~h ^2.71) 
l^ap = fJ-ab (17" A d7 

At/37 = JiAB d7^ A d7-^ 

/^a7 = f^AB d7^ A d7^ 

We should compare the results of two manipulations: one is the direct change of coordi- 
nates: 

7* ^ 7^ (2.72) 
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another is the composition of two coordinate changes: 

7^ ^ 7^^ ^ 7^ (2.73) 
The single coordinate changes act as follows: 

Pa = Pi9i + |tr {Sagdg-') + ^fiabdl^ 

Pa = PoQa + |tr (GAgdg-^^ + ^JiAsd^^ (2.74) 
h = Pw'a + |tr (OAddg-^) + ^fiABd^' 



where: 



QA^\\d,gll gj, = \\d,rA\l GA^\\d0A 

The following identities are useful: 



(2.75) 



= gig A 



Qa = glSa + g ^QAg 



(2.76) 



We recall that the products like /3iF*(7) in (2.74) are understood as the normal ordered 
products. Now we can substitute the first line in (2.74) into the second and compare the 
result with the third: 

Pa= : (: Pigi gA ■■ +^tr {glGagOg-^) + \ix {GAgdg-') ^2 77) 

+ Ul^abrAdl'+JiABdl'') 

Now we should remember that in (2.77) we have the double normal ordering, which has 
to be converted into a single one: 

: (: Pig'a ■■)gA--= PidA - {dgl) {0,91) (2-78) 
Now it is straightforward to compare: 

h-PA= |tr { (g-'dAg) {dgg-') - {g-^dg) {dAgg'') } 



+ I iflAB - IJ'AB - IJ'ab9A9B) ^7 



B 



(2.79) 



Insisting on the equality Pa — Pa is equivalent to the following cocycle condition on the 
set of jiap^'- 

(^1^)0(3^ = t^ocP + A*/37 + A*7a = tr {gapdgfS'y A dg^a) (2.80) 
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where, recall: 



gap = haWgp'r = \\9A\\,9a^ = WaW = 9ya (2-81) 



Note that if we apply the d-operator to both left and right hand sides of (2.80) then we 
get the identity, thanks to (2.62). Thus, the following &ch 2-cocycle ip, 

1paf3j = IJ-ap + + l^-^ya - tr {Oap'^gp^ A dg^a) , (2.82) 

takes values in closed 2-forms: 

dV^a/^T = (2.83) 

As /ia/s's are defined from (2.62) up to an addition of the closed 2-forms 6a/3's, which are 
regular on C/q/j, our problem is find 

h={hap), bai3eZu^^, s.t. Sb = i(; . (2.84) 

The equations (2.80) (2.84) means that ip represents a trivial second &ch cohomology class: 

= + + fJ'ja - tr {gapdgp^ A dg^a)] e H'^{X, Z\) (2.85) 

with values in closed holomorphic 2-forms. If we drop the contribution of ji's in (2.85) we 
would get a condition of vanishing in cohomology of the sheaf ^\ holomorphic 2-forms, 
But, in a sense, since the failure of tr {gapdgp^ A dg^o) to be d-closed is 5-exact: 

d tr {gaf3dgf3j A d^^^a) = {SW)^p^ , 

3 (2.86) 

yVaf3 = tr {gpadgap) , 

we don't loose much information (in a more sophisticated language, this refiects the de- 
generation of certain spectral sequence at the second term). Thus, we need (keeping (2.86) 
in mind): 

= [^|;]eH^X,Z%) (2.87) 

In general, the 2-cocycle tp, valued in closed holomorphic 2-forms, may represent a non- 
trivial cohomology class. In this case one cannot define the /3-fields consistently over 
X. Mathematically one gets the so-called gerbe of chiral differential operators [7]. But 
physically it means that the model is anomalous, and extra degrees of freedom are needed 
to define it properly [33]. 
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We can phrase the result as follows: the group H^{X, Z\) parameterizes the obstruc- 
tions for deforming the model. Together with the classical piece of the complex structure 
deformations obstructions, they form the group of 



Obstructions = H'^{X, Tx ® Z\) 

(2.88) 

2.6.5. Anomaly and Pontryagin class 

The class [tj^] in the cohomology group H^{X,Z]^) is actually the first Pontryagin 
class of X, pi{X), or, in a more holomorphic language, the second Chern class ch2{Tx) 
of the holomorphic tangent bundle. Its emergence is quite similar to the enicgcnce of the 
first Pontryagin class of the manifold in the studies of heterotic string compactifications 
[18] and in supersymmetric sigma models [34]. To understand the relation of [-0] to Pi{X) 
let us invoke the good old descent formalism, well-known in the theory of anomalies, e.g. 
[33], [35]. 

In this section d denotes de Rham exteriour derivative acting on smooth differential 
forms on X, with respect to the complex structure on X it splits as a sum of two nilpotent 
operators 

d = d' + d" (2.89) 

where d' maps the QP'^ forms to QP'^^'^^ while d" maps QP''^ to QP'^^^. d' is what we 
called d in the rest of the paper. 

Take the holomorphic tangent bundle Tx and view it as a complex vector bundle £ 
over X. It can be endowed with hermitian metric, and with some unitary connection A. 
With respect to the complex structure on X the connection splits as a sum of (1,0) and 
(0, 1) parts, while the curvature F splits as the sum of three terms: (2, 0, (1, 1) and (0, 2). 
In the coordinate chart Ua over which the bundle £ is trivialized: £\uo, ~ x C^, the 
connection is described by the matrix-valued one-form: 

= Al;' + A'^\ = {A),dx')^, A'/ = {ai^<&) ^ = - {A-''')' , (2.90) 

and on the overlaps 

A/3 = U/3aAaUaf3 + U/SadUap (2-91) 

where Ua0 = u^^ : Uap — U (d) are the transition functions for £. Now let us demand that 
the (0, 1) part of the connection defines the holomorphic structure on the vector bundle. 
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It means that the holomorphic sections are the ones which are annihilated by d" + 
operator: 

d"s' + A^^^s^dx^ = (2.92) 

The consistency of (2.92) demands F°'^ = 0. It imphes that on each coordinate chart Ua 
we can find the complex gauge transformations Cq, = (e*)^ such that 

A'/ = ead"e-' , = -eCd'e^a (2.93) 

where Cq and e^a are the components of the vierbein of the hermitian metric h = e^e. The 
overlap relation (2.91) implies: 

fia = Uapepgpa (2.94) 

where 

d"g^p = 0, d'gl^ = , g^p{x) G G'Lrf(C) ,xeU^p (2.95) 

are the transition functions (2.60) of the holomorphic bundle S = Tx- Thus, the complex 
gauge transformation Cq maps A to the connection F, s.t. F^'^ = 0, and 

r = (ri'°) = II {Ti.dx^)^ II = K'd'K (2.96) 

where = a^a is the hermitian metric on £. On the intersections Ua(3'- 

ha = 9lahf39f3a (2.97) 

Now let us calculate the density of the second Chern class of Tx using the metric h: 

Pa = ^tr (F, A F,) = ^tr {d'T^ A d'T^) = d CS« (2.98) 

where 

CS« = ^tr (Va A d"Ta - A F« A (2.99) 
is (2, 1) © (3,0)-form, defined on Ua- On the overlap Uaf3 we have, using (2.94)(2.96): 

Ta = 9af3^f39(3a + 9al3d' 9(3a (2.100) 

and, therefore: 

{5C^)ap = CS^ - CS« = dpap (2.101) 
with the (2,0)-form pap., defined on the double intersections Uap'- 

Pap = fJ'ap - ^tr {gapdgpa A F^) (2.102) 

Finally, 

i^p)af3j = Pa/3 + P/37 + Pja = {5lj)ap-y + ^tr {gpa^ga-y A d^f^^) (2.103) 

which is our anomaly two- form if^a/Sj- 
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2.6.6. Automorphisms 

The naive continuation of the sequence (2.88) (2.70) is: 



Infinitesimal automorphisms = H^{X, Tx © Z\) 



(2.104) 



Indeed, the group H^{X,Tx) enumerates the globaUy defined holomorphic vector fields 
on X, which are the symmetries of the manifold X viewed as a complex variety, while 
the group H^{X, Z^) enumerates globally defined closed 2- forms r = Tjjd7* A d7-', which 
occur in the theory via the shifts of the Lagrangian 



Such a shift does not change the equations of motion. It also docs not affect the pertur- 
bative correlation functions. However, it affects non-perturbative correlation functions, 
unless [r] e H'^{X, Z), i.e. it is an integral form, cf. [9]. 

Anyway, we shall now examine whether this is true in more detail. We shall see that 
the first, classical geometry piece, 7x, may have hard time being realized in the quantum 
theory. We now discuss the question 5. on our list. 

2.6.7. Global symmetry currents: abelian case 

Let us start with the single vector field. We are given a holomorphic vector field V. 
In the local coordinate patch Ua it is described by the components V[a] = {V'^),V = V^di. 
In passing to the coordinate patch Up over the intersection Uap we encounter the analogue 
of the problem (2.43). Specifically, let us denote by Bq, and the one-forms Sj(7)d7* 
and i?a(7)d7", defined on Ua and U/3 respectively. We wish to construct the current Jv 
which is a global object on X: 



Introduce the familiar by now matrices (cf. (2.44)) Va for each coordinate chart Ua'- 




(2.105) 



JV = PiV + Bid^ = + Bad^' 



(2.106) 



Va = \\diV^ 



V(3 = \\daV' 



and the following &ch 1-cochain: 



Val3 = I^VfJ'afS " tr {VadgapQ/Sa) + tr (Vfsdgpagafs) 
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(2.107) 



Then (2.106) can be rewritten as: 



i^ap = ivhap + 2(5S)«^ (2.108) 

where hoif3 € ^u^p- The consistency of (2.108) can be checked by applying the operators 5 
and iv to v: 

= -tr {giSaVa^VQap) + tr {q a 13^ 13 9 (3 a) (2.109) 
= -((^v)a/3 , 

Va =-trV2 

while applying 5, by to the right hand side of (2.108) gives: 

Lv{Lvh + 25B) =25{ivB) 

(2.110) 

5{ivh + 25B) = iyil^ 

the last equality being true iff the p\ anomaly is absent, cf. (2.84). 

Without assuming the existence of 6,5, verifying (2.108) (2.84) we can still neatly 
package (2.109) and (2.110) into the condition of equivariant closedness: 

(S + Uv) {vt^ + i^t + ip) = (2.111) 

where we realize the holomorphic equivariant &ch-complex of X via &ch ri^^-cochains 
with values in the polynomial functions of t. The grading is defined to be 

d 

equivariant degree = form degree + 2t— (2.112) 

On such cochains the operator 5 + tiy has degree one, it is nilpotent and its cohomology 
is what we need. For example 

vt^ + ut + ^ (2.113) 

represents a C* -holomorphic equivariant cohomology class of degree four. If, instead of 
&ch we were to use Dolbeault picture, which is more natural in the approach involving 
(0,2) supersymmetric models [9], then the analogue of 5 would have been the d operator 
acting on fi^'^-forms on X, and (2.111) would have looked more familiar. The appropriate 
cohomology theory, the holomorphic equivariant cohomology, has been developed in [36]. 
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Now let us assume B, b exist. Consider the following O-cochain k: 



LyBa — 2 



trV^ 



(2.114) 



which is a quadratic functional of V. Then (2.108) implies (cf. (2.10)): 



5k = , 



(2.115) 



so it is actually a 0-cocycle, and represents certain cohomology class of &ch cohomology 



with the coefficients in the sheaf Ox of holomorphic functions. If X is compact, then it 
implies that k is a constant, which is the level of the current algebra. In our examples it 
will be always constant, even for non-compact X. Note that the value of k can be found 
by analyzing the behavior of V near its zeroes. Indeed, let us assume that V generates 
the action of C* on X. Suppose p G X is an isolated fixed point of this action, V{p) = 0. 
Then there exist local coordinates (7*) such that near this point 



where G Z. The invariant meaning of the components of m = (mi, . . . , m^) is that these 
are the weights of C*-action on the tangent space TpX at p. They are defined uniquely 
up to permutations. Then (2.114) implies: 



It may seem surprising that the square of the weight vector is the same for all fixed points 
of the C*-action on X, but this is in fact the consequence of the triviality of the equivariant 
second Chern class of Tx, which is expressed by the equation 




(2.116) 



k - 



(2.117) 



{5 + tiv) {2Bt + b) = 2kt'^ +vt'^ + ut + i; 



(2.118) 



combining the formulae (2.84) and (2.108) into the single condition of the equivariant 
exactness. 
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2.6.8. Global symmetry currents: non-abelian case 

Now let us assume that a complex Lie group G acts on X. Let g be the Lie algebra 
of G, and let (p = ((/>^), A — l,...^ dimG, be the linear coordinates on g, corresponding to 
some basis in g. The action of G on X is generated by the holomorphic vector fields 
Va- We can view them as the linear function on g with values in H^{X, 7x), 

(j) ^ = (jAVA . (2.119) 
We have the defining relations of g: 

[VA,VB]=fxBVc, (2.120) 
where /j-^ are the structure constants of g: 

[tA,tB] =/£tc (2.121) 

We define the currents, by the local formula in each coordinate chart Ua'- 

Ja = f3iVX + BiApi' , (2.122) 

where the one-forms Ba are to be found from the several conditions: i) the ^Xi's should form 
the g current algebra; ii) the J^a should be independent of a, modulo some automorphism 
of G. 

Let us first work out the conditions which follow from i). They should hold in each 
coordinate chart U^- In the next paragraph we omit the index a. 

Requiring the residue at the first order pole of the operator product expansion of J'a 
and J'b to be Jab'^c implies: 

Cv^^Be^ - fXsBc - ^dniAB - ^ab = (2.123) 

where 

^AB = ItrVMdVsi , 

— (2.124) 

^AB — I-V^aBb] , 

and 

VA = \\diVi\\ (2.125) 
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The matrices (2.125) obey the one-cocycle condition: 

Vb] - Vc + [V^, Vb] = 0, (2.126) 

where we view Va simply as the matrix- valued functions on Ua- It is convenient to combine 
B'j^s and V^i's into the linear functions on g: 

5(0) = {{Ba)^<IA) , V(</>) = iiVA)^<lA) (2.127) 

The equations (2.126) (2.123) are antisymmetric in A, B indices, and can be written com- 
pactly using anticommuting variables c— , which are of course the BRST ghosts: 

£y(e)V(c)-V([c,c]) + [V(c),V(c)] = 

(2.128) 

2jCvic)B{c) - B{[c, c]) - d {ivic)B{c)) - trV(c)dV(c) = 

Now let us discuss the condition ii) We use the notations (2. 119) (2. 127). We have the 0, 1, 
and 2 cochains, v(0, 0), 1^(0), and respectively, which are the second, first and zeroth 
order polynomials in 0: 

V(0,0)« = (vAB)a<^<^, (vAB)a = "tr ((V^)^ (Vb) J (2.129) 

Z^(0)a/3 = l'Vi<l>)l^af3 - tr {V{(l))adga0gi3a) + tr {V{(j)) ^dgpaQafi) (2.130) 

The second order pole in the operator product expansion of Jas: 

kAB = vab + tVABs + iVB^A , (2.131) 

is also conveniently packaged into the second order polynomial in 0: 

k((/>, ct>) = v((/>, ct>) + 2Lvi^)B{ct>) (2.132) 

The direct analogue of (2.118) which follows from the analogue of (2.108) is the G- 
equivariant exactness: 

{S + tvw) (2S(0) + b) = 2k(0, 0) + v(0, 0) + + i: (2.133) 

Without assuming the existence of b, B{(f)), verifying (2.133) we still have the G-equivariant 
closedness: 

(S + ivw) (v(0, 0) + i/(0) + V) = (2.134) 
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Finally, let us mention that the differential S + tv{(j)) is most naturally interpreted in the 
language of the holomorphic G-equivariant cohomology. The generalization of the abelian 
complex calculating the C*-equi variant cohomology is the space of G-invariant fi^c ®Fu^(g) 
^ch-cochains, where G acts on g in the adjoint representation, and the grading is defined 
analogously to (2.112) ( see [37], [38] for the introduction into the de Rham version of the 
equivariant cohomology) : 

d 

equivariant degree = form degree + 2(1)— (2.135) 

0(p 

On such cochains the operator 5 + tiy has degree one, it is nilpotent and its cohomology 
is what we need. For example 

v(0, 0) + !/(</)) + V (2.136) 
represents the holomorphic G- equivariant cohomology class of degree four. 

2.6.9. The case of free G action 

Suppose the action of G on X is free. In this case the equivariant cohomology is 
expected to coincide with the cohomology of the factorspace X/ G [37] . Let us investigate 
the solutions to the equations (2.133). It is convenient to introduce the connection one- 
forms 0— = Qf-dY which obey: 

d©- + 1/&6>- A =0 

iv^e^ = (2.137) 

The equations we shall finally get are similar to (2.32) except that now we expand the 
one-forms Ba in 0's: 

Ba=1 {(TAB - f^AB) Q- (2.138) 

and instead of (2.32) we get: 

J^v^f^BC + fXBf^DC = -trV^[Vs, Vcj (2.139) 

cyclic A-^B^C^ 

which is the condition that the 3-cocycle on the Lie algebra g with values in the module 
Ou is the coboundary of /j, 

idgfi)ABC = -trV^iVB, Vc] (2.140) 
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From the one-cocycle condition (2.126) follows the closedness of the three-form 

oj^ = tr {Va[Vb, Vc]) a a . (2.141) 

2.6.10. Stress-energy tensor and c\ anomaly 

Now let us address the question 3. on our list. We can define the naive stress-energy 
tensors T^'^^^ by the formulae (2.46) on each coordinate patch Uq,- Then, using (2.47) we 
immediately conclude that on the overlaps Ua/s' 

T^[^f' - ^[af = -i^'log detgap (2.142) 
The globally defined stress-energy tensor must be defined as: 

T = T[",f ^ - |92loga;[a] (2.143) 

where lo^ are holomorphic functions on 1/^ such that on the overlaps they are related by 

'^[a] = ^[13] detc/a/3 (2.144) 

(up to possible constant factors which we ignore). In other words, the top holomorphic 
form 

^^ = ^[a]d7[a]A---Ad7[l] (2.145) 

is in fact independent of a, is nowhere vanishing and everywhere regular (otherwise the 
logarithm in (2.143) would have singularities). In other words, it means that X must have 
a Calabi-Yau structure (in variance with more stringent condition of being a Calabi-Yau 
manifold, which means in addition that X is Kahler, which we don't need here). 

The obstruction of having the globally defined holomorphic top form is Ci{X). Inter- 
estingly enough, this is also an obstruction for the conformal invariance of the (0, 2) model, 
which has fermions and antiholomorphic coordinates 7* as the worldsheet fields [9]. The 
term (2.48) is nothing but the Bott-Chern secondary characteristic class, constructed out 
of the class ^ci(X)ci(E) on X x E. This class enters the Riemann-Roch formula for the 
determinant line bundle associated with the system [9] and its consequences will be 
more carefully studied in [19]. 

2.7. The anomalous example 

The simplest yet very instructive example of the target space which we shall consider 
first will be that of the projective space, X = CP*^"^. 
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2.7.1. The Pontryagin anomaly 



Let {xq : xi : . . . : Xd-i) denote the homogeneous coordinates on X. Let us cover X 
by d coordinate patches Ua ~ C''"-'^, a = 0, . . . , d — 1. On the coordinate patch Ua the 
homogeneous coordinate x^ ^ and we can use as the coordinates 

The coordinate transformation from Uq to Ui, and to U2 are given by: let ui, . . . ,Ud-i be 
the coordinates on Uq, Si, ... , Ud-i be the coordinates on Ui, and let ui, . . . , ua-i be the 
coordinates on U2. Then: 



Ui = til \ 

(2.146) 

Ua — UaUi , a = 2, ...a— 1 



The matrix g — qqi, associated with the change of variables (2.146) is readily calculated: 



901 = 



-ul -UaUi 



Ul Id- 

/ -2 -2x (2-147) 

The coordinate transformations from Ui to U2 and from Uq to U2 are given by: 



Ul = X0X2 ^ = U1U2 ^ = U2^ 
U2 — XiXo^ — — UiUo^ 

(2-148) 

UA = XAX2 = = UAU2 



A = 3, TV 
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The corresponding matrices gi2 and ^20 ^ire given by: 



5^12 = 



-U2UI 








-UnU 



2"! 





U2U^^ld-3 



9i2 =921 



U1U2 
—U1U2 





902 













2 -2 -2 
ttitt2^1d-3 



(2.149) 



902 = ^20 



They verify: 



The anomaly two-form 



U2 
— U1U2 





^10^21^02 



—UAU2 
U2^1d-2, 



-0012 = tr5fo2d5fio A d5f2i = d ■ dlog ui A dlog U2 



(2.150) 



(2.151) 



It is well-defined on t/012 = C/q n t/i n t/2 C* x C* x C^-^^ since it has a non-trivial 
period over the non-contractible two-cycle E f=i in C* x C* it represents a non-trivial 
cohomology class. In &ch language, it means that it cannot be represented as the sum: 

hoi + bi2 + 620 



of closed holomorphic two-forms, well-defined on Uqi, U12 and f/20 respectively. Indeed, 
since these forms would be regular on the domains which have the topology C* x C^"^, 
the corresponding integrals over the E of each of these forms would vanish, in contrast 
with what we said about the integral of the form (2.151). 

The factor din (2.151) corresponds precisely to the similar factor in the second Chern 
character of the tangent bundle of CP 



d-l. 



ch2(rcp.-l) = ^•i^^ H = c^{o{l)), 



(2.152) 
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in agreement with the general theory [7]. 

A warning. In the CP''""'^ example the three-forms tT{gpadgaf3)^ vanish: 



2 



01 



f 2dlog'Ui d{uiUa)ui 
\ dlogui ld-2 

(2.153) 



yet the anomaly is alive. 

2.7.2. The Chern anomaly 

To check the ci anomaly, the one which affects the stress-energy tensor, it is sufficient 
to study the transition functions which we already listed in (2. 147), (2. 149) and (2.153): 

Aoi = tr sr^iMgioi = d ■ dlogixi 

Ai2 = tr g^idgi2 = d ■ dlog(w2«r^) (2-154) 
A20 = tr 5r^o^d^20 = -d ■ dlogtt2 

Accordingly, the naive stress-tensors of the local theories are not compatible: 

ynaive ^ ynaive _ ^d^log(u,) 

i (2.155) 

j^naive ^ ynaive _ _d2^og{u2Ui') 

Notice that d in the formulae (2. 154) (2. 155) corresponds to the first Chern class of 
the tangent bundle of CP''"-^: 

chi{Tcpd-i) = d ■ H (2.156) 
In [19] a possible improvement of the naive stress tensor will be discussed. 

2.7.3. The PGL^ symmetry 

Classically, the PGL^ symmetry is generated by: 
Ni = VI, 

Ni^ = viUm, l,m=l,...,d-l 



(2.157) 



m 
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The coordinate change (2.146) acts on the classical currents (2.157) as follows: 



Ni = -N^, Ni = N} 
iVi = -^iV-, Nl = -N', N} = Ni, Nf = N^ 



m 



(2.158) 



/, J = 2,...,d - 1 



Now let us see what happens quantum mechanically. Already from our failure to glue the 
v-fields globally over X we know we will not be able to define the PGL^ currents (2.157) 
globally over X (unless d = 2, where the Pontryagin anomaly is irrelevant). But in fact 
even locally, on the coordinate charts Ua the currents (2.157) cannot be promoted to the 
current algebra. The subalgebra B^, generated by Ni and NJ^, makes sense quantum 
mechanically. In fact, on t/o; we have the level k = —1 current algebra of gl^-i, generated 
by NJ^. This algebra is extended by the abelian current algebra generated by Ni^s. The 
trouble comes when we try to adjoin the generators. Indeed, it is not hard to show, by 
examining the behavior near u = 0, that unless d = 2 the equations (2.123)(2.131) have 
no nonsingular solutions. On the other hand, globally on CP'^"^, as the transformations 
(2.158) show, one cannot restrict to the gl^-i subalgebra, or its extension by the abelian 
subalgebra. 

Another warning. There exist examples where the target space X has vanishing first Pon- 
tryagin class, admits the realization of the global holomorphic vector fields in the chiral 
algebra, yet the sigma model is anomalous due to Chern anomaly. The most famous such 
example is the generalization of the CP"^ sigma model. There, one takes X = G/B, the 
space of complete flags for the group G. As shown by B. Feigin and E. Frenkel in [28], [29] 
the current algebra g at the critical level is realized in the curved beta-gamma system on 
this manifold. Yet, ci(X) ^ for all these spaces. 

2.8. The fibered targets 

In this section we consider the sigma model on the space X which is the total spaces 
of the fiber bundles: 



F 



X 



i 



(2.159) 



B 
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where all spaces are complex manifolds, and the maps are holomorphic. We shall only 
consider two cases: F = C and F = C*. In the former case we assume that X is the 
total space of the line bundle, while in the latter X is the principal C*-bundle. It is not 
difficult to generalize to more general cases, but in our applications these are the only two 
situations we shall need. 

We are interested in the ci and pi anomalies of the sigma model on X and their 
relation to the anomalies of the sigma model on B. Of course, the characteristic classes 
of X and B are easily related. However, since X is non-compact, it is safer to perform 
the explicit calculation of the anomaly two-forms and to check whether they represent 
non-trivial elements in H'^[X, Z'j^) or not, and similarly for ci{X). 

2.8.1. The line bundle 

Here we assume F — C. Suppose B is covered with the coordinate patches Ua- Let 
■J^a = ('f^a) coordinates on Ua, i — 1, . . .dimc-B- Then X can be covered with the 

coordinate patches = C x 11^, with the coordinates (7a, 774), . If -u^ = Qapiua) is 
the transition function relating the coordinates on Ua and on Up over the overlap Uap = 
Uaf^Uf3, gpa ° dap = ^d-, then the gluing on Uap is achieved with the help of the transition 
function 



where Xap is a holomorphic map from Uap to C*. On the triple overlaps we should have 
the CO cycle condition: 



We can now relate the anomalies of the sigma model on B and those of the sigma model 
on the total space of the line bundle X ^ B, defined using the gluing rules above. 

To this end we need an expression for the jacobian of the transformation (2.161) and 
its inverse (we skip the indices aP, and also use u for Ua and u = g{u) for up): 



1(3 = laXa^M, 



Up = gap{Ua) 



(2.160) 



g^ya o gpf ° gapiua) = g^a (g/s-, {g^p iUa))) = U, 



•a 



(2.161) 




(2.162) 




X 







-1 




(2.163) 
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where, as usual: 



We have: 



9i 



du 
du 



9i 



du 
du 



g 



-dlogx -X9l(i{^di\ogx) 

g-'dg 
It follows, that the anomaly two-form for X and B are related by: 



(2.164) 



(2.165) 



V'ii = i^afij + dlogXa/3 A dlogXai 



(2.166) 



In (2.166) we actually mean by i/j^ the pull-back on X of the corresponding two-form on 
Uai3 C -B, and the same is understood below. 

2.8.2. Non-anomalous local Calabi-Yau 

It might happen that the anomaly two form (2.166) represents the coboundary, i.e. 
the exact cocycle. For example, this is the case for B which is the degree k hypcrsurface in 
CP^''"^ and X - the total space of the line bundle 0{1 — k). Moreover, X in this case is 
also a non-compact Calabi-Yau manifold, so both Chern and Pontryagin anomalies vanish. 

Let {xq : xi : . . . : X2k-2) denote the homogeneous coordinates on CP^*'"^ and let 
J-{xq, xi, . . . , X2k-2) be the homogeneous degree k polynomial defining B: 



2fc 1 r\ 

i=0 * 



(2.167) 



must have x = as the 



In order for B to be smooth, the equations T{x) = 0, 

only solution. Let E = Yli^i^^ denote the Euler vector field. The equation (2.167) can 
be written more compactly as: 

CEJ' = kT (2.168) 

Let 7 denote the coordinate along the fiber of the line bundle 0{1 — k) over CP^'^"^, 
restricted on B. We can think of the total space of the line bundle 0{1 — k) over CP^'^"^ 
as of the quotient of C^^ = C-y x C^^~^ (with the locus a; = deleted) by the action of 
C*: 

(7, Xq.Xi,..., X2k-2) ^ {t^~^l, tXo, tXi,..., tX2k-2) (2.169) 
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This action is generated by the vector field 

d 

e = E + {l-k)^— (2.170) 

The following 2A; — 1 form: 

dxo A dxi A ... A dx2k-2 
d7A ^ 

is well-defined on the locus {J^ = 0} C C^'^, and is e-invariant, while the 2A; — 2 form 

n = c^ (d7 A ^^^o/l±lA_lIl^^^ (2.171) 

is well-defined on X and is nowhere vanishing. The Chern character of the tangent bundle 
Tx can be formally calculated using the exact sequences of bundles 

O^Ox^ (0(1)®^'^-^ © 0(1 -k))\x^T^O 

(2.172) 

0^Tx^T^Oik)\x^0, 

thus: 

ch{Tx) = 2k-2+ fe(fc-lK2fc-l) ^3 ^ _ _ _ (2.173) 

where H = ci{0{l)), the hyperplane class. For k = 2 the target X = T*CP^ - the local 
K3 manifold, which can be studied using toric methods [19]. 

2.8.3. Principal C*-bundles 

Now consider the case F = C* . In this case the analysis is similar to that of the line 
bundle, except that now we may use (/? — log7 as local coordinates on the fibers F, and 
the coordinate change (2.160) becomes: 

fl3 = fa+ fogXa/3(w) • (2.174) 

Accordingly, the Jacobian (2.162) and its inverse (2.163) are relaced by the simpler ones: 

/I ^ 

g = I (2.175) 

(I -gidilogx 
g= I (2.176) 

and the anomaly two-forms for X and B coincide. 
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2.8.4. Green-Schwarz mechanism for principal bundles 
Suppose 

Pi{B)^-^F,nF2 , (2.177) 
where Fi,F2 G 77^(5, 27riZ). Moreover, let us assume that there exist two holomorphic 



line bundles Li, L2, such that 



ci(Lj), j — 1,2. Playing the tic-tac-toe game we 



27ri 

can conclude that up to &ch coboundaries 

tr {gapdgp^ A dg^a) = dlogxi,a/3 A dlogX2,/37 (2.178) 

Now consider the total space X of the principal C*-bundle over B, such that the associated 
line bundle is isomorphic to Li (everything works also if we replace Li by L2). Using (2.165) 
we get: 

^ap-y = d\ogXl,ap A dlogX2,/37 + dlogXl,a/3 A dlogXl,/37 

= (51og7 A log(xiX2))a/37 (2-179) 

7/3 = 7/3 Xl,a/3(w) 

We can state the result in a more gauge-theoretic language. The starting point (2.177) 
means that the first Pontryagin class of B can be expressed as the product of the curvatures 
of two U{1) gauge fields. On the total space of any of the corresponding t/(l)-bundles the 
pull-back of the curvature is exact, being d of the corresponding connection one-form: 

p^Fi = dOi, i = 1, 2, pi-.Li^B (2.180) 

Thus 

-471 V (5) + Fi A Fi = d (^1 A (Fi + F2)) (2.181) 

Note the similarity of the mechanism of the anomaly cancellation to that of Green-Schwarz 
in ten dimenions [39] 

2.8.5. C*-hundles over CP'^"^ - anomalies cancelled and symmetry restored 

We now consider the C*-cone over the projective space CP'^"^. The sigma model will 
be described by the fields it' and (p representing the local coordinates on the projective 
space and on the C* fiber respectively. Topologically, the cones over CP'^"^ are classified 
by an integer s, the first Chern class of the associated line bundle. The total space of the 
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C* bundle can be covered by d coordinate patches. Each of them looks like C* x ^. 
Let us describe the typical coordinate transformation relating these patches: 

Ui = u^^ 

Ua = UaU^^, a = 2,...,d—l (2.182) 
ifi = ip + s logiti 

The corresponding momenta are vi and p. 

As we learned in the previous subsection, the anomaly two-form for X is that one for 
CP'^-\ i.e. 

= d ■ dlogtti A dlogtt2 (2.183) 

on the coordinate patch C/012 = C* x t/012 where ui ^ Q and U2 ^ 0. Now, however, in 
variance with the situation for X = CP^~^, the form (2.183) represents a coboundary. 
Indeed, recall that on C/qi we have (fi = (fQ-\-s logtti, on U12'. ff2 = fi-\-s \og{u2Ui^) and 
on Uq2- fQ = ff2 + s \ogU2^. Then: 

■0012 = -- • (di^i A dlogwi + d(p2 A dlog(w2tt7^) + d<^o A dlogWo ^ ) (2.184) 
s 

We can read off (2.184) the corresponding /Xq,^ forms, and get the transformation properties 
of the vi,p fields. Not surprisingly, the fields vi transform into the currents which form 
the sld algebra, which include p, (p fields. In addition we get another C*-symmetry which 
rotates the fiber. 

Ni = vi 

= ViUm - Sim - ^d(p 

= dui + Ui (sp - ^dip] - ^ VmUmUl (2.185) 



jm 
m 



J = p+^,d^ 



The currents 



j^rn ^ j^va ^ _}_^rn^ (2.186) 

d 1 



form a closed subalgebra, isomorphic to sl^-i, of level —1, while the currents (2.185) form 
the algebra s\d of level —1 and u(l) of level —d/s^. The resulting current algebra realization 
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(2.185) can be mapped to the construction in [28] of the chiral algebras associated with 
more general cosets G/H and line bundles over them. 

The total space X of the principal C*-bundle over CP'^""'^ has a holomorphic top 
degree form 

Vt = exp \-ip\(iip A dui A . . . dua-i (2.187) 



Accordingly, the stress-energy tensor 

T = vidu^ + pd(p + ^d'^(p (2.188) 
has the correction term with d'^(fi. Note that T has the Sugawara form: 

T = -^^^—^ {NiN' + N'Ni + N^Nl + NN) + |^JJ+ '-dJ (2.189) 
and that the U{1) charge corresponding to the J current has an anomaly 

^(5-l) = g(5-l) 

on genus g Riemann surface, as can be deduced, among other things, from the operator 
product expansion: 

or, more invariantly, from (2.55). 

A simple topological argument. Note that in our example the absence of Pontryagin and 
Chern anomalies is easy to understand. The total space X is homotopy equivalent to the 
lens space S^'^~^/Z|s|. Its rational cohomology is trivial in even degrees, hence there is no 
room for c\ or pi . 
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3. The pure spinor sigma model 

'Tope OT yMa" 
A.rpH6oeflOB 

"Wit Works Woe" 
A.Griboedov 

We now come to the main application of the general theory above, which was in fact 
our motivation for the whole endeavour. 

3.1. Motivation: the covariant superstring quantization 

Superstrings are the basis of our belief in the consistency of string theory, the theory 
unifying quantum gravity and all other interactions. The perturbative string is defined 
as a two dimensional (super) conformal field theory (e.g. a sigma model) coupled to the 
two dimensional (super)gravity. The sum over topologies of the two dimensional manifolds 
- worldsheets - is interpreted as the string loop expansion. The fermionic counterpart 
of the sum over topologies, the sum over spin structures in the Neveu-Schwarz-Ramond 
(NSR) formulation of the superstring, leads to the GSO projection and the space-time su- 
persymmetry. In the Green-Schwarz approach [17], where the sigma model taking values 
in the supermanifold is coupled to the ordinary two dimensional gravity, the target-space 
supersymmetry is manifest, but the sigma model is very hard to quantize due to its non- 
linear nature. In the NSR approach the worldsheet sigma model is represented via free 
fields (for Minkowski background, and in the conformal gauge), but the space-time su- 
persymmetry is not manifest. Also, the NSR approach becomes infinitely complicated for 
non-trivial Ramond-Ramond backgrounds, where spin fields for the worldsheet fermions 
must be exponentiated. 

All these difficulties led to the long search for a better formulation of the perturbative 
theory. Five years ago such a formulation has been proposed by N. Berkovits, who sug- 
gested to use the twistor-like description of the GS sigma model. In his formulation the 
worldsheet sigma model had manifest target space supersymmetry yet it is realized using 
essentially free fields. The story is not finished yet, since the fully covariant formulation is 
not yet known, but for most of practical purposes Berkovits' program is fully operational. 

The goal of this section is to raise some concerns about the last statement, and then 
to eliminate them, at least when certain assumptions are made. 
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In Berkovits' approach, the superstring on flat ten dimensional Minkowski background 
is described by the foUowing sigma model: 

J ^dx^'dx'^ + PaBe'' + WadX'' (3.1) 

where we only write the right-movers (holomorphic sector) for the first order fields. 

The fields x'^ are the standard free bosons describing R^°, m — 1, . . . , 10, the fields 
Pa , 0" form the fermionic system of fields of spins 1 and respectively, they transform 
as the sixteen component Weyl spinors in target space (of opposite chirality). Note that 
in euclidean signature is a complex fermion, but we don't have its complex conjugate. 
Finally, the most interesting part of the worldsheet theory is the curved /?7 system, repre- 
sented by the WadX^ term in (3.1). The field A'*, of spin 0, takes values in the space X of 
the so-called pure spinors [40] for S'O(IO). These are simply bosonic variables A = (A'*), 
a= 1, . . . , 16, which obey the following equations: 

X = {A I A7"^A = A"A^7^^ = 0, m=l,...,10} (3.2) 

The space of solutions to (3.2) is the cone over the space Qio of projective pure spinors, 
which is the space of solutions to (3.2) with the trivial solution A = deleted, considered 
up to the C* rescaling. It is the classical result (which we remind in the next section) that 

Qio = SO{lQ)/U{h) (3.3) 

In IIA string the left-moving sector would involve the similar fields of the opposite chirality, 
Pa,0°',Wa, X'^, in IIB string the chirality of the left movers is the same, and in the heterotic 
string the left movers are represented in the standard way. 

The action (3.1) is written in the conformal gauge. The prescription for calculation 
of string amplitudes [12], [13] involves a proper definition of the physical states and the 
6-ghost. This is done using the remarkable nilpotent ERST- like operator Q: 

Q = ^X''da (3.4) 

where 

da=Pa+ {lmO)adx^ + § (7m^)«(^7'"5^) (3-5) 

The stress-energy tensor 

T = dx'^dx'^ + padd"" + WadX" (3.6) 
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(this formula needs clarification for the w — X part, and we shall make it very explicit in 
the coming sections) is Q-exact: 

T={Q,G} (3.7) 

where the spin 2 fermionic field G is not defined globally on X . It is defined in patch 
by patch, and difference of two expressions on the overlap of two coordinate patches is 
Q-exact [12], [16]. 

3.2. Pure spinors: a reminder 

In this section the letter d denotes the complex dimension of the Euclidean vector 
space. The relevant target spaces will have complex dimensions like ^d(d — 1) + 1. We 
hope this will not lead to any confusion. 

3.2.1. Cartan and Chevalley deGnitions, complex structures etc. 
The SO {2d) pure spinor [40] A'* is constrained to satisfy 

A"((7"'i-""0a^A^ = 0, for 0<j<d, (3.8) 

where m = 1 to 2D, a = 1 to 2*^"^, and cr^ '"^^ is the antisymmetrized product of j Pauli 
matrices. This implies that A"A^ can be written as 

A'^A^ = :J^<1.^. (A-</-"^^A^) (3.9) 

where Acr'^^ - '^'^A defines an cZ-dimensional complex plane C R^^ (8) C. This d- 
dimensional complex plane is preserved by a U{d) subgroup of S0{2d) rotations. Also, 
multiplying A by a non-zero complex number does not change this plane. So if we consider 
the space of A's obeying (3.8) up to rescalings, the space of projective pure spinors Q2d in 
D = 2d Euclidean dimensions, then: 

Q2d = SO{2d)/U{d) (3.10) 

The real dimension of this space is d{d — 1). The space Q2d C 5*2^ of pure spinors is a cone 
over Q2d- The space X2d, which is Q2d with the point A = deleted, can be thought of 
the moduli space of Calabi-Yau complex structures on R^^, i.e. the space of pairs 

(identification ^ R^^,!] e A'^C'^) 

This is an important space in the context of B type topological strings. 
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3.2.2. A little bit of geometry and topology 

For d < 5 the spaces Q2d are simple. For d < 4 they coincide with 5*2^ = C^*^ , 
for (i = 4 Qs is a quadric hypersurface in 5*8 = C^, a Hghtcone. For d > 5 it is not a 
complete intersection, the number of defining equations [40] being strictly greater then the 
codimension of Q2d in S2d- 

The representation (3.10) shows that Q2d is actually a (co)adjoint orbit of SO{2d), 
and, in particular, is a compact Kahler manifold. We can parametrize Q2d by matrices of 
the form: 

J = g-^Jog (3.11) 

where 

and g e S0{2d), gg* = l2d- Indeed, the matrices g e SO{2d) which commute with Jq 
belong precisely to U{d). The group SO{2d) acts on Q2d in a Hamiltonian fashion. The 
transformation: 6g = g^, = — is generated by the Hamiltonian 

H^=tT{g-'Jog^) (3.13) 

For generic $ the corresponding is a Morse function, i.e. it has non-degenerate critical 
points. There are precisely 2^~^ such points, and they are in one-to-one correspondence 
with the elements w of the coset Wn^/WAd-i = Zg""^ of the Weyl group of SO {2d) by 
that of SU{d). Namely, the element w = (±1, . . . , ±1) (the total number of ±l's is d and 
their product is equal to +1), corresponds to the point (3.11) of the form 

j.={l :) (3.14) 

which is a critical point of for 

'o) (-^) 

with (f)d — (</>!, ■ • • , (f^d) (every $ can be brought to this form by the action of SO {2d), the 
"eigen- values" (f)i are uniquely defined up to the action of Wd^, i.e. up to permutations 
and the even number of sign flips). 

The points J^, are also in one-to-one correspondence with the components of an uncon- 
strained chiral spinor in 2d dimensions. This is not a coincidence. In fact, by "quantizing" 
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Q2d in the sense of geometric quantization, using the smallest possible multiple of the 
Kirillov-Kostant form as the symplectic form, one gets precisely S2d- The maximal torus 
of S0{2d), U{lY, acts on S and the eigenvectors, the weight subspaces, are precisely the 
components of the spinor. On the other hand, this action is obtained by quantizing H^. 
The critical points of H^, are the fixed points of $ action on Q2d- One can relate these 
by using the coadjoint orbit quantization [41]. 

Now let us discuss the parameterization of Q2d- Using (3.11) we can parametrize the 
vicinity of each point by taking the appropriate components of g. Let us consider the 
neighborhood of Jq for simplicity. Then, in a first approximation: 

where m is a complex antisymmetric d x d matrix: 

U = ||Wa6||a,6=l,...d, Uab = -Uha (3-17) 

which parametrizes the quotient so{2d)/u{d) of Lie algebras. Moreover, the expansion of 
near Jq looks as follows: 

= -2 ^ + 2 Y,{4>a + 06) \Uah? + • • • (3.18) 
a a<b 

It is not difficult to show that near J^^ the expansion looks similar, with the only change 

(pa I Wa(Pa-i 

where Wa — ±1, Ha^" = 1- ^he significance of this result is twofold. First 
of all, it allows to set up the Morse complex for Q2d- Indeed, Morse theory states that the 
cohomology of Q2d can be computed using the complex, whose generators are in one-to- 
one correspondence with the critical points w of any Morse function, H<^ in particular, the 
degree of the generator being the index of the corresponding critical point, i.e. the number 
of negative eigenvalues of d'^H^. In our case all degrees are even, and the differential (which 
acts between the critical points whose indices diflFer by one) is trivial, so the cohomology 
is read oS the critical points immediately. By ordering 0i > 02 > • • • > 0d we ensure that 
the point Jq which corresponds to w = {+1 -|- 1 . . . + 1) is the absolute minimum of H^, 
i.e. it corresponds to the degree zero cohomology. The point W2 = (-I-1 + 1... + 1 — 1 — 1) 
is the only critical point of index 2, and the point W4 = (-1-1 -|-1... — 1-|-1 — l)is the only 
critical point of index 4. Thus: 

iy''(Q2d) = Z, z = 0,l,2 (3.19) 
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This leads to the following important consequence, namely, whatever pi{Q2d) is, it is 
proportional to cf ((52d)- 

The coefficient of proportionality, which is not needed for our general argument, but 
might be useful in applications, can be calculated most simply using equi variant cohomol- 
ogy. The localized expression for pi is: 

Pi = i J2(^a + ^bf - \{Y. '^«)' (3-20) 
a<6 a 

while that for ci: 

Cl = Y.^4>a + 4>b) ^{d-l)Y,4>a (3.21) 
a<h a 

The logic behind the formula (3.20) is that the WD^-invariant polynomials in ^^'s represent 
trivial classes in the cohomology of Q2d-, while all the cohomology is generated by the 
characteristic classes of the U (d) bundles associated with the principal bundle 

SO{2d) ^ Q2d 

These characteristic classes are the symmetric polynomials in d variables (/>a,. 
For completeness, for d = 5 the full cohomology of Qio is given by: 

H^\X) = H^°-'^\X) = Z, z = 0, 1, 2 H^'{X) = H^^-^\X) = 7?, i = 3, 4, 5 

(3.22) 

3.2.3. The character of pure spinors 

One can also calculate the Ci and pi classes of Q2d by using the character of the 
algebra of polynomial functions on the space of pure spinors in 2d dimensions. It was 
analyzed in [42], for example, by using the fixed point techniques of H. Weyl: 



X2d{t, g) XI ^"g/g n 1 - e^^'^o+^b'^b 

W= {wi,W2,...,Wd), Wa = ±l,Ylwa = l 

a 

where 

X2d{t,g) = trFun(X2d) {t^ 9) 
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(3.23) 



g = exp^> is the element of S0{2d), and K is the generator of C* which acts on X2d by 
rescaling of A. 

For d = 5, in the limit 0a — > the character reduces to 

= (3.24) 
It can be expressed through the characteristic classes of the tangent bundle T~ : 

^"W = 4^T3^Td(TgJ (3.26) 

where L is the line bundle, associated with the principal C*-bundle Xiq Qiq. Expanding 
both equations (3.25) and (3.24) near t = 1 and equating the coefficients at the first singular 
terms, we get: 



PiiQio) = ch2{r~J = 2ci{Lf 



(3.26) 



where in the last line we have used the fact that the cohomology of Qio is one-dimensional 
in degrees 2 and 4. In order to relate (3.26) and (3. 20), (3. 21), note that 

a 

3.2.4. Coordinates on Q2d 

The space Q2d can be covered with 2^~^ coordinate charts, 1/^, where w are the d- 
tuples of ±l's with the total number of minus signs being even. In each of these charts, 
the coordinates are 1 < a < b < d, and ^ A^C^. The space X2d is covered by the 
corresponding charts = C* x Uw The pure spinor A can be written in terms of the 
local coordinates 7 = exp(fi and Uab as: 

d ci-4 d-8 ]^ d-12 2 

(^^=7, \ab]=^''[abh \abcd\=-g^''[abUcd], \abcdef] = -^^""[abUcdUef]: •••) 

(3.27) 

where the superscript on A is the U(l) charge, 7 is an SU(d) scalar with U(l) charge |, 
and Uab is an SU{d) antisymmetric two-form with U{1) charge —2. 
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3.2.5. The warmup example: six dimensional pure spinors 

In a sense, the simplest pure spinor space is that one in six dimensions. The purity 
constraint is vacuous, so one naively is dealing with the space Qq = Sq of all spinors, i.e. 
C^. Let Ai, A2, A3, A4 denote the coordinates on Sq ^ C^. The space of projective pure 
spinors is CP^ so in order to prepare ourselves for more complicated problems, we might 
want to treat S as a cone over the space of projective pure spinors, i.e. replace it by the 
total space Qe of an appropriate line bundle C(— 1) over CP^. 

This total space is known as a blowup of an origin. This procedure removes the origin 
in and replaces it by a copy of CP^. Here is an explicit coordinatization of the resulting 

space. It can be covered by four coordinate patches Ua, a = + + +, H , — I — , h. 

The coordinate patch Ua corresponds to the region Aq, on the original space C*. The 
latter region is isomorphic to C* x C^. On the blown up space Q this region is partly 
compactified to C^. Let 7*^"^ -u^^^^ ^2"^ '^^3"'* be the coordinates on Ua- The coordinate 
7^*^) is equal to Aq, while the other three coordinates m^"^ are the ratios Xp/X^, (3 ^ a. 
The difference between Q and is that these ratios are well-defined on Q. 

The coordinate transformations, gluing Ua and Up are easy to figure out. Let us 

consider, for example, the transformations from to U |-: 

7(2)=yi)^,W 

uf^ = l/u^"^ (3.28) 

(2) _ (1) / (1) 
■"2,3 — ■"2,3/'"l 

Note that the holomorphic top form 

d7 A d^i A du2 A du^ 
is not preserved by these transformations. Instead, the form 

n = ^^dp A dui A du2 A d«3 = p*dX+++ A dA+ A dA_+_ A dA +, (3.29) 

where 

p-.Qe^Se (3.30) 

is the projection, is preserved. This already indicates that there is some difference be- 
tween the sigma models on Sq and Qq. While the former is well-defined (up to the usual 
subtleties with the integration over the non-compact zero modes which we shall address 
momentarily), the latter suffers from Chern anomaly, and from Pontryagin anomaly as 
well. 

However, if we remove the zero section, i.e. do not allow 7 to vanish, then both 
anomalies go away. In fact, we get a particular case of a C* bundle over CP'^-\ ford = 4, 
which we already discussed. 
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3.2.6. Blowup versus surgery 

Already this example indicates that blowing up the apex of the cone Q2d will not lead 
to a consistent sigma model. Let us sketch the general situation. 

The holomorphic top degree form on Q2d-) the total space of the appropriate line 
bundle over Q2d is given by (cf. [43] [42]): 

a<b 

On Q2d the radial variable 7 is allowed to vanish, hence fl will has a vanishing locus there, 
hence the improved stress-energy tensor 

T = ^v'^^duab + pdlog^ + {d- l)a2log7 (3.32) 

will have a singularity. It means that the sigma model on Q2d suffers from Chern anomaly. 

It is not difficult to show using our general theory of fibered targets that the Pontryagin 
anomaly is present there as well. 

Finally, the sigma model on Q2d has instantons - non-trivial holomorphic maps which 
land at 7 = 0. Their interpretation in the pure spinor approach to superstring quantization 
is bizzare, to say the least. 

However, by removing the locus 7 = 0, i.e. by deleting the point A = on Q2d we 
obtain the space X2d which is the total space of the C*-bundle over Q2d with non-trivial 
first Chern class. This allows us to kill the ci and pi anomalies (even at the level of integral 
cohomology, actually). By the same token the worldsheet instantons also disappear. 
A little bit of topology. The cohomology of X2d can be calculated using Leray spectral 
sequence [31], whose second term is £'2'^ = -ff^(Q2d, -ff^(S^)) since the fiber is homotopy 
equivalent to the circle S^. The differential d2 sends E^f'*^ to E^f"^^'^""*^. The analysis which 
leads to (2.179) can be interpreted by saying that this differential is non-trivial at the term 
£^2'^ — > £'2'^, and also at £3'^ — > £2'°. In particular, we can show that for d = 5: 

H'(Xio) = Z, z = 0, 6, 15, 21 (3.33) 

and trivial otherwise. For general d we can show that H'^{X2d) = for i = 1, . . . , 5. 

3.3. The pure spinors in ten dimensions 

We shall now illustrate these statements by the physically most interesting example, 
d = h. 
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3.3.1. Coordinates on the space of pure spinors 
Choose some identification 

Rio ~ ^ . (3.34) 
The space of SO{10) spinors can be decomposed as: 

S+ = (g) A^^^""P^ = ^ ^-1/2 ^ ^ ^1/2 ^ ^* ^3_35^ 

where L — A^W is the one-dimensional representation of the double cover of ^7(5), which is 
the subgroup of Spin{10), the double cover of 50(10), preserving the identification (3.34). 
The space of pure spinors in ten dimensions is the quadric in S+: 

A7"^A = 0, m=l,...,10 (3.36) 

Then (3.36) can be rewritten as: 

^abcde (AAabcd + \abKd]) =0, 6 = 1, . . . , 5 

XabcdKfs"'''^^ = 0, e = l,...,5 
where we decomposed the sixteen component spinor as 

A = (A, Xab, Xabcd) (3.38) 

according to the U(5) decomposition (3.35), i.e. A e L"^/^, Xab € L~^/'^ (g) A^VF, Xabcd £ 
(g) A'^W ^ ^W*. If a 7^ then the second equation in (3.37) follows from 
the first, so the space of solutions to (3.36) is eleven (complex) dimensional, and not six 
dimensional, as naively one could have expected. 

It is also convenient to use the "five-signs" notations, where the components of the 
S+ spinor are labelled by the sequences of five plus or minus signs, with the restriction 
that the number of minus signs is even: 

A = A+4.+4.+ , A1234 = X \- , . . . , A2345 = X-\ 

(3.39) 

A12 = A — , Ai3 — A_+_+_|_ , . . . , A45 = A++^ — 

We now discuss the coordinatization of the pure spinor space. We have sixteen coordinate 
patches, which are characterized by the non-vanishing of one of the sixteen components of 
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(3.37) 



the spinor Aq,. In the first one, we shall call it the components of the pure spinor 

are parameterized via: 




A__+++ = Xui2 (3.40) 
A+ = A (U23W45 - U24U35 + U25U34) 

A + = A {ui2Um - U13U2A + 

3.3.2. Coordinate transformations on the pure spinor space 

The space of pure spinors (with the apex of the cone blown up or removed) can be 
covered by sixteen coordinate patches, which are in one-to-one correspondence with the 
critical points of the Hamiltonian (3.18). Let us discuss the coordinate transformation 
which occurs on the overlap f/-|-++++ and It is straightforward to calculate: 

Uij = Uij -h {Ui5Uj4 - UiAUj^) /tt45 i,j = 1,2,3 

Ui5 = Ui4/U45, Ui4 = Ui5/U45 (3-41) 

(f ^ ip + log«45, U45 = I/U45 

Let us now discuss the coordinate transformation which occurs on the overlap 
and Let us instroduce the notation: 

X = (3.42) 

U25U34 — U24U35 + U23U45 

Then, straightforward calculation shows, for i, j, k,l — 2, 3, 4, 5: 



uii = \x ^ujkl uij Uki 
Uij = \x £iijkl Uki 

Explicitly: 

Ul2 =X {U15U34 - U14U35 + U13U45) 
Ui3 =X (W15W24 - U14U25 + U12U45) 
U\4 =X («15«23 - U13U25 + U12U35) 

(p = (p- logx 



(3.43) 



(3.44) 
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and, finally, 



U23 = U45 = XU23, ^25 = X^«34, ^34 = XU25, U35 = -XU2A, U24 = -XU35- 

3.4. Anomaly two-form and anomaly cancellation 

We can easily calculate the anomaly two-form, using (3.41) (3.43): 

V'+++++,+++— ,+ = -4dlogW45 A dlogx (3.45) 

Similarly, 

ip+++++,+++ — ,++-+- = -4dlogM45 A dlogM35 (3.46) 
On Xio, as we indicated above, this is a coboundary, e.g. 

1^+++++,+++ — ,++-+- = 4d^ A dlogU45 - 4d(^ A dlogU45 (3.47) 

In order to write it as coboundary we must be able to use the expressions like dip which 
are well-defined on C* but will not be so well-defined on C, i.e. they do not extend to the 
zero section of L, the line bundle above. This is of course a particular case of a general 
phenomenon we discussed in the section devoted to /97-systems taking values in the general 
cones. One can illustrate this general result with the explicit calculation. We study, 

for simplicity, the triple intersection of the coordinate patches ?7++h , and 

U++ |._. Let us label them with the indices 1, 2 and 3. We shall denote the corresponding 

fields p, (p, Uahi via 

p[a],ifi[a],Uab[a],v''^[a], a= 1,2,3 (3.48) 

We have: 

p[2]=p[l]-2aiog«45[l] 

^^^■[2]=^^^-[l], z,j = 1,2,3 

t;^4[2] = J]^-[l]«4a[l], 1=1,2,3 

(3.49) 

t;^^[2] = 5]^-[lK5[l], i = l,2,3 

a 

V^''[2] = 3du^5[l] + (P[l] - 2dip[l])u^5[l] -J2v-''[l]Ua4[l]Ub5[l] 

a,b 
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p[3]=p[2]-2aiog«34[2] 

^^^■[3] =^^^'[2], = 1,2,5 

^^3[3] = ^^-[2]«3„[2], z = 1,2,5 

a 

^''[3]-$^^^"[2]wa4[2], z = 1,2,5 

a 

v^^[3] = 3du342] + ip[2] - 2dip[2])u342] - J] ^;«^[2]««3[2]«64[2] 



(3.50) 



a.b 



p[3]=p[l]-2aiog«35[l] 

v'^[3]=ejv'^[ll i,j = l,2,4, z<j 
^^3[3]=£,^^;-[l]«3,[l], i = l,2,4 



(3.51) 



[3] =£i^^^"[l]«a5[l], ^ = 1,2,4 

a 

V^'[S] = 3dm,[l] + {p[l] - 2a<^[l])^X35[l] - 5]^"'[l]^/a3[l]«65[l] 

a,b 

where all the products are understood with the normal ordering, and the £-symbol is 

£l = £2 = 1, £4 = ~1 

Now if we substitute (3.49) into (3.50), with the normal ordering understood, we would 
get (3.51). This means that the Pontryagin anomaly is cancelled. 

3.4.1. The S'O(IO) and C* current algebras and Virasoro algebra 
The 5'O(10) and C* currents are defined as follows ( a,b= 1, . . . , 5 ): 



Nab = - 3dUab + Uab {2dip - p) + V^'^UacUbd 

J = p + 2d(p 



(3.52) 
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We list here for completeness the operator product expansion of these currents: 



N''\z)N,M 
Nl{z)Nt{Q) 
Nab{z)N^{0) 
N''\z)N;}{0) 
J{z)m 



z^ z 



z^ z 



z 

^bd^d _ ^ad^b 



(3.53) 



4 

N{z)J{Q) ~ regular 



Finally, the stress-energy tensor is given by: 

T = Y^ v'^^duab + pdff + 4aV (3.54) 

a<b 

The d'^tp term in (3.54) is due to the (/9-dcpendence of the holomorphic nowhere vanishing 
5'O(10)-invariant holomorphic top form Vt: 

n = e^'^dif A /\ duab (3.55) 

a<b 

Remark on orbifolds. Note that by performing the Zg orbifold of Xio 

A~e^A, /c = 0,l,...,7 (3.56) 

(and the 7i2d-2 orbifold of X2d) and by gluing the zero section 7 = e*^ = we would get a 
local Calabi-Yau manifold. However, the pi anomaly immediately appears. 

If we don't add the zero section, then we face another problem: Berkovits Q operator 
(3.4) is not invariant under the Zg symmetry, however it can be made invariant under its 
Z4 subgroup by making 9 and X transform appropriately. The Z4 orbifold would lead to 
a type string on a space with R^'^/Z2 singularity (see [44] [45] for related work). It is 
interesting to investigate this model, in particular its twisted sector, further. Even smaller 
subgroup Z2, which flips the signs of A and 9 simultaneously, leads to type strings in 
Rio [46]. 
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(3.57) 



3.4.2. Field transformations and currents 

Following our general formulae (2.37), had we set /j, — we would have gotten: 

p = p 

P^ = v'^, i,j = 1,2,3 

a 
a 

V^^ = 59^45 + ptt45 - ^ V°'^UaAUhb 

a,b 

These formulae are not quite satisfactory, since the current J does not transform to itself, 
and the currents A^"'' are not quite mapped to the SO{10) currents. Luckily, this is a 
problem a smart choice of the two-form can fix. Indeed, the two-form: 

= 1^+++++,+++ — = 4d^ A dlog?l45 , (3.58) 
which is the fellow entering (3.47), changes (3.57) to: 

P = P- 251ogM45 

v'^ = v'\ ^,j = 1,2,3 

a 



(3.59) 



5 

a 



f = 39tt45 + {p- 2dip)u45 - ^ V°'^UaAUbb = -N^5 

a,b 

Also, by explicit calculation we can verify that J = J, and for i,j = 1, 2, 3, m = 4, 5: 





= 




= -TV^ 


Ni = 








N^ = 




NI-- 


= Ar^4 


iV| 


= Ni, 


Nl- 


= Nl 




— N- ■ 




= N'^ 








= iVf 




= Nl, 




= -Nl 






^45 





(3.60) 
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which is the action on so(lO) of a particular element of the group Z2 = Wso(io)/Wsu(5)- 
Now, we go on to the transformation of the p and v fields, corresponding to the change of 
the coordinates (3.43). Based on our experience with the previous example, we find that 
we have to use the closed two-form /i: 

fJ' = 1^+++++,+ = A dlogx (3.61) 

which leads to the following transformation law: 

p = p + 2d\ogx 

-N23, = Nl 

(3.62) 

N24, V34 = -N34 

-Nl V25 = -N25 

N35, V45 = -N45 

3.4.3. Current algebras on pure spinors in D = 2d dimensions 

It is clear from our discussion of C* -bundles that the ten dimensional pure spinors 
are not special as far as the consistency of the curved beta-gamma system is concerned 
(they are very special for the construction of manifestly covariant superstring action, of 
course). In this section we remind the formulae for the SO{2d) and U{1) currents for 
the sigma model on the space X2d of pure spinors in D = 2d dimensions (again, with 
the point A = deleted). These currents were written in [42] using Friedan-Martinec- 
Shenker [47] bosonization, and could also be constructed with the help of Feigin-Frenkel 
[28] , [29] approach, but in our approach they are most straightforwardly obtained using the 
coordinate transformations (2.37) for appropriate //-forms. 

Thus, the formulas for the currents in D = 2d are given by 

J=-p- 2d<p, (3.63) 

K = -Uacv''' + 5l {d^ - \p) , 
Nab = {d- 2)dUab + UacUhdV"'^ + Uab (29(/P - p) , 

T = Iv^^duab + pd^ + {d- l)d\ 
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V12 = 
V23 = 

V24 = 
Vi5 = 
V35 = 



where T is the stress tensor and the p, v"-^ = — v'"^, (p, Uab = —Uba, I < a,b < d fields have 
the operator product expansions (2.24): 

pivMz) —, v-\y)uad{z) (3.64) 

y - z y - z 

The operator product expansions of the currents (3.63) can be computed to be 

Nmn{y)X''{z) ~ ^^{imnXr, J{yW{z) ~ ^A", (3.65) 

y - z y - z 

J{y)J{z) ^ - (^3^' J{y)N^''iz) ~ 0, 

1 2 — 2d 1 



^(/(rf-l) +2 

{y - zY ' {y - zf^ ' y- z 
So the central charge of Virasoro algebra, generated by T, is c = did — 1) + 2, the ghost- 
number anomaly is = 2 — 2(i, the level of so(2d) is A;so(2d) = 2 — and the ghost-number 
central charge is = —4. 

The geometrical meaning of these results is the following [42] : 

c = dimc(X2d) 

(3.66) 

q = ci{Q2d) 

while the geometry behind /Cso(2d) and /Cu(i) is explained in [28], [29] (for example, A;so(2d) ~ 
^su(d) ~ ^so(2d))- One can also verify the consistency of these charges by considering the 
Sugawara presentation of the stress tensor 

{NabN-' + N-'Nab - 2N^K) + \jJ + '^dJ (3.67) 



2(^so(2d) + ^so(2d)) "8 4 

where A;so(2d) = 2 — d is the so(2d) current algebra level, h = 2d — 2 is the dual Coxeter 
number for so(2d), and the coefficient of dJ has been chosen to give the ghost-number 
anomaly 2 — 2d. Setting kso(2A) = 2 — d, one finds that the so(2d) currents contribute 
{2d—l){2 — d) to the Virasoro central charge while the u(l) current contributes l+3{d—l)^. 
So the total conformal central charge is c = d{d — 1) -|- 2 as expected from geometry. 
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4. Conclusions and the outlook 



Let us summarize. We have discussed the general curved beta-gamma systems, and 
reviewed the constraints on their conformal invariance and coordinate invariance. We found 
that the conformal invariance is obstructed if there isn't a holomorphic nowhere vanishing 
top degree form on the target space. The topological counterpart of this obstruction is 
ci{X), the first Chern class of the target space. We found that the coordinate invariance 
is obstructed by the first Pontryagin class Pi{X) of the target space. 

We then applied the techniques developed for general targets to the case of X being 
the space of pure spinors in Euclidean space R^*^, with d — 5 case being the most interesting 
for the physical applications. The space Q of pure spinors is a surface in vector space given 
by some quadratic equations. As such, it has a singularity at the origin. One needs to 
deal with this singularity in order to define the sigma model on this space. One option is 
to remove the singular point, and work with the space X = Q — {0}. Another option is to 
blow up the singularity, replacing Q by the total space Q of the appropriate line bundle 
over the smooth space of projective pure spinors. 

We showed that the first option removes all the anomalies and also removes the possible 
worldsheet instantons. Also, having negative powers of 7 = e''' is important in construction 
of the G-field, the Q partner of the stress-energy tensor. We feel, however, that this brutal 
removal of the singular point has to be better motivated. In particular the resulting non- 
compactness of the target space needs to be better treated (at present there are some 
unclear issues with the definitions of string measure when X is used). Moreover, if, for 
some reason, Q is preferred over X then the superstring on would cease to be consistent 
beyond tree and one-loop level, thereby killing at once the landscape [48] problem. This 
is of course one of the unrealized, so far, hopes to solve some pressing predictive issues of 
string theory by capitalizing on its unusual, from the conventional quantum field theory 
point of view, perturbation theory [49]. 

We believe there are some lessons to be learned from our exersize. 
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